
F (4)/Spin(4) Gauge Symmetry of Quantum Spa
e-Time Dynami
s.Hontas F. FarmerUniversity of Illinois at Chi
ago∗(Dated:)The ex
eptional lie group F(4) and it's lie algebra o�ered me an intriguing possibility. Asso
iatedwith F(4) is a four dimensional body 
entered 
ubi
 latti
e. In my work on quantum gravity I havegone to pains to pro
laim that spa
e time is not a latti
e of �xed points. All my studies still indi
atethat is true. However F(4) and it's �latti
e� seem to have the symmetry of quantum spa
e-time.Using the usual te
hniques of quantum �eld theory I have investigated this symmetry. As is true ofany symmetry F(4)/Spin(4) symmetry, by way of Noether's theorem imposes a 
onserved 
urrent.A 
urrent whi
h has the dimensions of length and 
ontains the operator in my unpublished theory ofquantum spa
e-time dynami
s gives spa
e-time intervals. This means that spa
e-time is a 
onservedquantity. The impli
ations of this �nding for 
osmology are brie�y 
onsidered.The Real Representation of F(4)/Spin(4)The Lie group F(4) is the isometry group of a 16 dimensional riemannian manifold. It 
an be 
onstru
ted byadding 16 spinors to SO(9). This would be too mu
h for modeling quantum spa
e-time. What needs to be moddedout of the group are the 
omponents of Spin(4). This is so for physi
al reasons as Spin(4) 
ontains transformationsthat denote rotating one 
oordinate axis into another. Whi
h really ammounts to a rede�nition of 
oordinate axeswhi
h should have no physi
al 
onsequen
es. That physi
s is invariant under su
h transformations is 
ontainedin the lo
al Lorentz symmetry of the theory. After moding out that we are left with a 46 dimensional lie group.F(4)/Spin(4) whi
h I will denote F(4)/Spin(4).The following are the simplest matri
ies that will represent F(4)/Spin(4) they are based on it's root ve
tors.Using the plus-minus symbol I 
an write all of the possiblities (i.e. If one writes +/- 1 that is really two things -1and +1. The same 
on
ept is used below to write all 46 matri
ies without haaving to write 46 matri
ies.)
α =







±1 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 0






α =







±1 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 0






α =







±1 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 0







{{±1, 0, 0, 0}, {0,±1, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}}

β =







±1 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 0






β =







±1 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 0






β =







±1 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 0







{{±1, 0, 0, 0}, {0, 0, 0, 0}, {0, 0,±1, 0}, {0, 0, 0, 0}}

γ =







±1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ±1






γ =







±1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ±1






γ =







±1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ±1







{{±1, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0,±1}}

δ =







0 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 0






δ =







0 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 0






δ =







0 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 0







{{0, 0, 0, 0}, {0,±1, 0, 0}, {0, 0,±1, 0}, {0, 0, 0, 0}}

ǫ =







0 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 ±1






ǫ =







0 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 ±1






ǫ =







0 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 ±1






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{{0, 0, 0, 0}, {0,±1, 0, 0}, {0, 0, 0, 0}, {0, 0, 0,±1}}

ζ =







0 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 ±1






ζ =







0 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 ±1






ζ =







0 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 ±1







{{0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0,±1, 0}, {0, 0, 0,±1}}

η =







±1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0






η =







±1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0






η =







±1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0







{{±1, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}}

θ =







0 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 0






θ =







0 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 0






θ =







0 0 0 0
0 ±1 0 0
0 0 0 0
0 0 0 0







{{0, 0, 0, 0}, {0,±1, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}}

κ =







0 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 0






κ =







0 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 0






κ =







0 0 0 0
0 0 0 0
0 0 ±1 0
0 0 0 0







{{0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0,±1, 0}, {0, 0, 0, 0}}

λ =







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ±1






λ =







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ±1






λ =







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ±1







{{0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0,±1}}

µ =







±1 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 ±1






µ =







±1 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 ±1






µ =







±1 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 ±1







{{±1, 0, 0, 0}, {0,±1, 0, 0}, {0, 0,±1, 0}, {0, 0, 0,±1}}

Θ =







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0






Θ =







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0






Θ =







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0







{{0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}}I 
laim that this is a representation of the real valued variant of F (4)/Spin(4) as well as a basis for the spa
eunderlying the Lie algebra of F (4)/Spin(4). The simplest way to do this is to 
ompute the multipli
ation table forthe group. Right o� the bat I 
an say that the table will be symmetri
 due to the fa
t that all of the elements ofthis representation are diagonal matri
es. For that reason I will not bother to 
ompute them independently.
α.α α.β α.γ α.δ α.ǫ α.ζ α.η α.θ α.κ α.λ α.µ α.ν α.ξ α.σ α.ρ α.Θ
� β.β β.γ β.δ β.ǫ β.ζ β.η β.θ β.κ β.λ β.µ β.ν β.ξ β.σ β.ρ β.Θ
� � γ.γ γ.δ γ.ǫ γ.ζ γ.η γ.θ γ.κ γ.λ γ.µ γ.ν γ.ξ γ.σ γ.ρ γ.Θ
� � � δ.δ δ.ǫ δ.ζ δ.η δ.θ δ.κ δ.λ δ.µ δ.ν δ.ξ δ.σ δ.ρ δ.Θ
� � � � ǫ.ǫ ζ.ǫ η.ǫ θ.ǫ κ.ǫ λ.ǫ µ.ǫ ν.ǫ ξ.ǫ σ.ǫ ρ.ǫ Θ.ǫ
� � � � � ζ.ζ ζ.η θ.ζ κ.ζ λ.ζ µ.ζ ν.ζ ξ.ζ σ.ζ ρ.ζ Θ.ζ
� � � � � � η.η θ.η κ.η λ.η µ.η ν.η ξ.η σ.η ρ.η Θ.η
� � � � � � � θ.θ κ.θ λ.θ µ.θ ν.θ ξ.θ σ.θ ρ.θ Θ.θ
� � � � � � � � κ.κ λ.κ µ.κ ν.κ ξ.κ σ.κ ρ.κ Θ.κ
� � � � � � � � � λ.λ µ.λ ν.λ ξ.λ σ.λ ρ.λ Θ.λ
� � � � � � � � � � µ.µ ν.µ ξ.µ σ.µ ρ.µ Θ.µ
� � � � � � � � � � � ν.ν ξ.ν σ.ν ρ.ν Θ.ν
� � � � � � � � � � � � ξ.ξ σ.ξ ρ.ξ Θ.ξ
� � � � � � � � � � � � � σ.σ ρ.σ Θ.σ
� � � � � � � � � � � � � � ρ.ρ Θ.ρ
� � � � � � � � � � � � � � � Θ.Θ

//MatrixForm
α.α α.β α.γ α.δ α.ǫ α.ζ α.η α.θ α.κ α.λ α.µ α.ν α.ξ α.σ α.ρ α.Θ
� β.β β.γ β.δ β.ǫ β.ζ β.η β.θ β.κ β.λ β.µ β.ν β.ξ β.σ β.ρ β.Θ
� � γ.γ γ.δ γ.ǫ γ.ζ γ.η γ.θ γ.κ γ.λ γ.µ γ.ν γ.ξ γ.σ γ.ρ γ.Θ
� � � δ.δ δ.ǫ δ.ζ δ.η δ.θ δ.κ δ.λ δ.µ δ.ν δ.ξ δ.σ δ.ρ δ.Θ
� � � � ǫ.ǫ ζ.ǫ η.ǫ θ.ǫ κ.ǫ λ.ǫ µ.ǫ ν.ǫ ξ.ǫ σ.ǫ ρ.ǫ Θ.ǫ
� � � � � ζ.ζ ζ.η θ.ζ κ.ζ λ.ζ µ.ζ ν.ζ ξ.ζ σ.ζ ρ.ζ Θ.ζ
� � � � � � η.η θ.η κ.η λ.η µ.η ν.η ξ.η σ.η ρ.η Θ.η
� � � � � � � θ.θ κ.θ λ.θ µ.θ ν.θ ξ.θ σ.θ ρ.θ Θ.θ
� � � � � � � � κ.κ λ.κ µ.κ ν.κ ξ.κ σ.κ ρ.κ Θ.κ
� � � � � � � � � λ.λ µ.λ ν.λ ξ.λ σ.λ ρ.λ Θ.λ
� � � � � � � � � � µ.µ ν.µ ξ.µ σ.µ ρ.µ Θ.µ
� � � � � � � � � � � ν.ν ξ.ν σ.ν ρ.ν Θ.ν
� � � � � � � � � � � � ξ.ξ σ.ξ ρ.ξ Θ.ξ
� � � � � � � � � � � � � σ.σ ρ.σ Θ.σ
� � � � � � � � � � � � � � ρ.ρ Θ.ρ
� � � � � � � � � � � � � � � Θ.Θ

//MatrixForm
α.α α.β α.γ α.δ α.ǫ α.ζ α.η α.θ α.κ α.λ α.µ α.ν α.ξ α.σ α.ρ α.Θ
� β.β β.γ β.δ β.ǫ β.ζ β.η β.θ β.κ β.λ β.µ β.ν β.ξ β.σ β.ρ β.Θ
� � γ.γ γ.δ γ.ǫ γ.ζ γ.η γ.θ γ.κ γ.λ γ.µ γ.ν γ.ξ γ.σ γ.ρ γ.Θ
� � � δ.δ δ.ǫ δ.ζ δ.η δ.θ δ.κ δ.λ δ.µ δ.ν δ.ξ δ.σ δ.ρ δ.Θ
� � � � ǫ.ǫ ζ.ǫ η.ǫ θ.ǫ κ.ǫ λ.ǫ µ.ǫ ν.ǫ ξ.ǫ σ.ǫ ρ.ǫ Θ.ǫ
� � � � � ζ.ζ ζ.η θ.ζ κ.ζ λ.ζ µ.ζ ν.ζ ξ.ζ σ.ζ ρ.ζ Θ.ζ
� � � � � � η.η θ.η κ.η λ.η µ.η ν.η ξ.η σ.η ρ.η Θ.η
� � � � � � � θ.θ κ.θ λ.θ µ.θ ν.θ ξ.θ σ.θ ρ.θ Θ.θ
� � � � � � � � κ.κ λ.κ µ.κ ν.κ ξ.κ σ.κ ρ.κ Θ.κ
� � � � � � � � � λ.λ µ.λ ν.λ ξ.λ σ.λ ρ.λ Θ.λ
� � � � � � � � � � µ.µ ν.µ ξ.µ σ.µ ρ.µ Θ.µ
� � � � � � � � � � � ν.ν ξ.ν σ.ν ρ.ν Θ.ν
� � � � � � � � � � � � ξ.ξ σ.ξ ρ.ξ Θ.ξ
� � � � � � � � � � � � � σ.σ ρ.σ Θ.σ
� � � � � � � � � � � � � � ρ.ρ Θ.ρ
� � � � � � � � � � � � � � � Θ.Θ

//MatrixForm
I have suppressed this output as it runs o� the page. Anyone who wishes to see it should email me. I will sendthe Mathemati
a Notebook �le for your perusal.



3By examination of this output it 
an be seen that these matri
es form a group under matrix multipli
ation. Thisis not hard to 
he
k mentally take any two of the matri
ies I give above and multiply them together and you getanother matrix in the group. They are 4x4 and real valued. As a group they are simple. This group also representsa 
ontinuous symmetry of the body 
entered 
ubi
 latti
e and as su
h this is a lie group. Therefore this must be areal representation of the lie group F(4)/Spin(4). This will be the representation I will use in this 
omposition.The Lie Algebra F(4)/Spin(4)Does F(4)/Spin(4) have an asso
iated Lie Algebra?A Lie algebra is a ve
tor spa
e L de�ned over the real numbers with a binary operation [,℄that satis�es the followingaxioms. Where X and Y are in L.1. [(X1+X2), Y ] = [X1, Y ] + [X2, Y ]2. [(qX), Y ] = q[X, Y ] q ∈ C.3. [X, Y ] = −[Y, X ]4. [X, [Y, Z]] + [Z, [X, Y ]] + [Y, [X, Z]] = 0Take as L the ve
tor spa
e of diagonal 4x4 matri
es with the basis for the spa
e being {η,θ,κ,λ}. Those being 4x4matri
es with a 1 in one of the diagonal positions. Any diagonal matrix 
an be written in terms of those matri
es.Then take the Lie bra
ket as being the 
ommutator.The fourth axiom is satis�ed by the 
ommutativity of all diagonal matri
es as is axiom 3. The linearity of the
ommutator and matri
es guarantees that the �rst and se
ond axioms are also satis�ed.Be
ause these axioms are satis�ed I 
an say that this is a lie algebra. This empowers me to use F(4)/Spin(4) toinvestigate further. The Gauge Field With the Symmetry of F(4)/Spin(4).So what would a �eld with the gauge symmetry of F(4)/Spin(4) look like? What would a Lagrangian have to looklike for it to be invariant under a F(4)/Spin(4) transformation?Before I answer these questions I want to make an observation about the stru
ture of F(4)/Spin(4). Any elementof F(4)/Spin(4) 
an be written in terms of four of the matri
es in the representation used in this paper. Spe
i�
ally
{η,θ,κ,λ}. Taken together these 
an form a soft of pseudo four ve
tor.

Fλ = aη + bθ + 
κ + dλThis is true be
ause all of the matri
es in this representation are diagonal and they have one's or zero's on thediagonal. The elements of those four matri
es in the representation of F(4)/Spin(4) have just a one on the diagonaland zero's elsewhere. Therefore they form a basis for the spa
e of possible transformations in F(4)/Spin(4) asrepresented by these matri
es. In more te
hni
al jargon I should say that the matri
ies {η,θ,κ,λ} along with+ generate the group F(4)/Spin(4). This 
onstru
tion would also have all the same algebra as the matri
es inF(4)/Spin(4) do.So what �eld would be symmetri
 under this transformation? it 
ould not be a ve
tor (or 1-form) �eld re
allthe motivation of this paper is the observation that the F4 latti
e has the same stru
ture and symmetry one wouldexpe
t for Plan
k-s
ale spa
e-time, or quantum gravity. It is known from General relativity that gravity must be atwo form, or tensor �eld. It is also known from most thinking on the nature of the supposed graviton that it wouldbe a spin-2 boson not a spin 1 or ve
tor (1-form) parti
le. Therefore only tensors need to be 
onsidered.Consider the stress energy tensor Tαβ . Of all the �elds in my theory it is the most physi
al and unambiguouslyde�ned.
Tαβ → FλTαβFλ+Where the + super s
ript indi
ates the pseudo inverse of the matrix. A pseudo inverse has to be used be
ausethese matri
es are singular.Working through this the �eld in my theory and the �eld of empty spa
e-time in 
lassi
al general relativity arediagonal. The �elds Fλ are diagonal. Be
ause of the high degree of symmetry that exist in diagonal matri
es we
an shu�e these �elds around at will. So what I will do is re write the last equation like so.
Tαβ → FλTαβFλ+ → TαβFλFλ+



4By the usual rules of the pseudo inverse I 
ould re write the last F's as just one F. Instead I will use the fa
t thata pseudo inverse in e�e
t as well as Einstein summation. Ea
h of those λ's is a matrix and ea
h of those matri
es isa zero with a one at a diagonal. Therefore FλFλ+→I or the identity matrix. Therefore I 
an write that
Tαβ → FλTαβFλ+ → TαβFλFλ+ → TαβI → TαβTherefore any diagonal matrix representation of these �elds would have F(4)/Spin(4) symmetry... However there isonly one �eld that has to be diagonal in any basis for physi
al reasons. The stress energy tensor of general relativisti
spa
e-time. It's matrix rep has to have only diagonal entries just like that of an ideal �uid.Therefore I say that this �eld of quantized spa
e time is THE �eld whi
h is invariant under the F(4)/Spin(4)transformation. This may sound a bit odd to at �rst until one 
onsiders that the 
lassi
al Einstein equation in amass free region is a simple s
aling relationship between the Einstein tensor and the stress energy tensor. Gµν=8πT µν.The LagrangianThe next step is to write the Lagrangian for this �eld. The question is this: what is the simplest Lagrangianthat 
an be made out of the given mathemati
al obje
ts in this theory? First 
onsider what the free �eld Lagrangianwould look like.In gravity what would happen is the non gravitational stress energies propagate through what they see as lo
ally�at spa
e time. But as they propagate along and as they available geodeti
 path's vary they are pulled along throughto their possible futures. These possible futures would be given by the S tensor in my theory. Sµν Therefore Ipropose that a term in this Lagrangian should be of the form ∆λSαβTαβ. (∆λ is a 
ovariant quantum derivative see?℄ ) but this form has the problem of not being a Lorentz s
alar. If I use the f matri
es just as the γ 's are used inQED I 
an make it a Lorentz s
alar.
L = fλ△λSαβTαβ = fλ△λ@α

δ T δβTαβNow I will 
onsider the intera
tion term. Thinking physi
ally what happens in gravitation is one parti
le intera
tswith another parti
le by ex
hanging a graviton. In this 
ase I shall use the A tensor and the � tensor.
Lint = −

√
GGAαδ@δ

γAαγLast but not least there is the fa
t that we have a �eld with an Abelian �eld with a lie algebra and it's symmetry.We know from experien
e with QED that a gauge invariant �eld needs to be introdu
ed.
F δβ

α =
(

△αAδβ −△δA
αβ

)Now the total Lagrangian 
an be written.
L = fλ△λ@α

δ T δβTαβ −
√

GG
(

1

4
Fα

δβFα
δβ − Aαδ@γ

δ Aαγ

)Conserved CurrentMy next task is to elevate F(4)/Spin(4) to a lo
al symmetry. This is not di�
ult. All one needs to do is 
onsidera single element of the basis for the spa
e F(4)/Spin(4). Like so
Tαβ → fTαβf+ → ff+Tαβ → fTαβ

Tαβ → fTαβ Is by the nature of this theory both dis
rete and 
ontinuous. I say this be
ause this theory isformulated to be most valid at the Plan
k s
ale whi
h theoreti
ally is the smallest meaningful length that 
an be. Soto transform by su
h an in
rement meets both de�nitions.Like all 
ontinuous symmetries of the a
tion this one will also have a 
onserved 
urrent. Figuring this out iselementary to QFT sin
e the Lagrangian is known. The 
onserved 
urrent is
Jαβ=fλ @α

λ fδT
δβLooking at the dimensions this has the units of length of length and the operator Sαβ = @α

λT λβ found inQuantum Spa
e-Time Dynami
s. This 
urrent is of spa
e-time and the 
onserved quantity is in fa
t spa
e-time.Con
lusionsBe
ause ea
h pie
e of this Lagrangian density has been shown to be invariant under F(4)/Spin(4) gauge transfor-mation then I have found the Lagrangian of the �eld that is invariant under the F(4)/Spin(4) symmetry. MoreoverI have shown by indu
tion that this Lagrangian is the 
orre
t Lagrangian for Quantum Spa
e-Time Dynami
s.Furthermore I have shown that the 
onserved 
urrent in this theory is none other than the "�ow" of spa
e-time.The 
onsequen
es of this are that spa
e-time 
annot be 
reated or destroyed and that it is in �nite supply. Thisresult will have a great impa
t on 
osmology and physi
s. This result troubled me at �rst as it seems 
ounterintuitive to think that spa
e-time is not simply a void into whi
h our universe expanded after the big bang. In



5fa
t this 
onservation law says that the total amount of spa
e time that there is �nite, and that spa
e-time 
annotbe destroyed or 
reated. As 
ounter intuitive as it is on �rst sight on se
ond sight it makes perfe
t sense. So faras I know there is no intera
tion that 
reates or destroys spa
e-time. There are intera
tions that bend and fold itbut none that 
reate or destroy it. Even a bla
k hole merely warps spa
e-time, and by 
urrent bla
k hole theory,spa
e-time returns to normal on
e the hole evaporates. Therefore spa
e-time itself must be a 
onserved quantity.Another 
onje
ture based on this analysis 
an be made about the nature of the big bang. Cosmology has struggledwith what banged and why. Well this theory provides a partial answer. What banged was not a in�nitely densepoint. But a little 
ell of spa
e-time whi
h had perfe
t F(4)/Spin(4) symmetry and was of Plan
k s
ale dimensions.The for
es were all uni�ed within it. Then for some reason that symmetry broke for just an instant. In that instantall of the spa
e time that there will ever be was 
reated and is unfolding. Spa
e-time is unfolding and seeking a stateof lowest energy or least 
urvature (same thing really).In a less 
osmologi
al sense this result, that spa
e-time, is a 
onserved 
urrent means that no intera
tion that doesnot break the F(4)/Spin(4) symmetry 
an 
hange the length of a geodeti
 path. They 
an bend and twist but theirtotal length is �xed. Basi
ally unless a
ted upon by an outside for
e an obje
t will just pro
eed on it's geodeti
 path,this is simply the law of inertia in a new 
ontext. One where it has been derived from �rst prin
iples and not simplyassumed at the outset. In the pro
ess a simple �eld theoreti
 
onstru
tion of Quantum Gravity has been revealed.[℄ �The Dynami
s of Plan
k S
ale Spa
e-Time http://www2.ui
.edu/~hfarme2/TDPSST.xml�, H. Farmer (Unpublished bodyof work on quantum gravity, and geometry at the Plan
k S
ale). http://www2.ui
.edu/~hfarme2/TDPSST.xml[℄ �The O
tonians http://math.u
r.edu/home/baez/o
tonions/node15.html�, J. Baez, Bull. Amer. Math. So
., 39 (2002),145-205.,Posted: De
ember 21, 2001[℄ �An Introdu
tion to Quantum Field Theory�, M. Peskin, D. S
hroeder, Westview press, ISBN 0-201-50397-2, Pages 17 -19


