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1 Weighted Residual

Before divulging the power of spectral element method and the reasons behind, let us take a
brief tour in an exemplary application field of numerical simulation, Computational Fluid Dynamics
(CFD). Fluid mechanics permeates everywhere, in aeronautics, in ship building and offshore structures,
in nuclear reactor cooling, in mechanical lubrication, in combustion chamber, in polymer forming, in
solidification and material science in general, in aerosol and electro-hydrodynamics, in plasmas physics,
in human tissues and blood vessels, and in fluidic micro-channels, just to name a few. Besides the
descriptive approach, the means to study fluid mechanics are theoretical, experimental, and computa-
tional. The multi-variable, multi-dimension, complex geometry, viscosity, and nonlinearity associated
with fluid equations preclude theoretical approach to solve any problem but under simplest idealized
circumstances. The theory is useful primarily during the equation system formation, which both the
experimental and computational means depend on, and useful in some approximate analytical meth-
ods [17] , which occasionally can manage to capture some main features of the flows with omission
of details. To solve practical problems, one has to count on experimental and computational means.
While experimental approach prevails in fields such as biology and chemistry, the situation in fluid
mechanics is somewhat different, in that fluid motion can be reliably quantified by a set of equations.

computational fluid dynamics edges out experiments in several respects.

First of all, CFD predicts flows, and this may be extremely hard for experiments. For instance,
weather is forecasted based on software calculations which use measured data as inputs. Experiments
would be virtually always behind schedule if being used in this business. Experiments could pre-
dict, but are well versed only for something repeatable and do very poorly for real-time situations.
Unfortunately for many flows, including that in weather forecasting, the repeatability is virtually
always not the case but the simultaneity is virtually always expected from the predicting method.

Secondly, CFD has a much closer connection to theory. CFD shares to great extent with theoretical



approach during equation system formation, and it separates from theory during system solving stage.
So it is sometimes regarded as an arm stretch of theories. In contrast, experiments rather proceed
in their own ways, with less dependency on theories. Hence, CFD can better reveal the underly-
ing mechanism. Thirdly, experiments cannot be applied to certain circumstances. For instance, the
magnetohydrodynamics around the sun can be simulated but can not be experimented (it should be
stressed that observation is the common means in astrophysics but observation only postdicts), and
the flow-disturbing support for the aircraft prototype in wind tunnel has be present in experiments
but can be removed in CFD simulations. Finally, CFD is much less expensive. The development of
a CFD software is expensive and time consuming, but once developed it can be re-used in multiple
circumstances and on multiple computers. Also, when solving a new problem an experimental setup
typically takes much longer time than CFD. Therefore, in recent years the demand for CFD has been
displaying a monotonic growth and CFD has been recognized as an essential tool in many industrial

sectors.

Symbolically, a differential equation system can be written as
L(u) =0 (1)

where L represents any operator and u represents the dependent variable in exact sense. If the exact
u (defined at all points in the domain) is replaced by an approximate u; (defined at selected points),
equation (1) is no longer satisfied. Hence, the original system is generalized to the integral form of

weighted residual (weak form)
/ wL(u;)dQY =0 (2)
Q

where w represents a weight function, and L(u;) is the residual. Then the processing of finding the
solution is transformed into the process of minimizing the residual. Dependent on how the weight

function is selected and how the exact u is replaced by u;, various numerical methods can be generated.

In Eq. (2)), if the exact u is replaced by u; at a set of finite number of points in the space (this
is actually equivalent to expressing the exact solution in some specific type of polynomial), and the

weight function is selected as the Dirac delta shift function J;;, then the integral Eq. (2) reduces to
L(uj) =0

This is the Finite Difference Method (FDM). Implicit-in-space FDM is called compact finite difference
method [30, Zhang et al. 2006]. Straightforward in regular geometry, FDM also features easy imple-
mentation for high-order schemes and narrow bandwidth of matrices. FDM can be implemented on
structured grid for problems with modest complex geometry. This is accomplished through a global

mapping which transforms an irregular geometry into a regular one, and through boundary fitted



coordinates [26, 27]. As a tradeoff, a simple equation in complicated geometry is transformed into a
complicated equation in simple geometry. FDM is employed in a popular software in electromagnetics,

FDTD (Finite Difference Time Domain).

In Eq. (2), the exact u can be replaced by u;1);, where 1); is the Lagrangian interpolation function
and wu; is the coefficient. Further, if the weight function is also the Lagrangian polynomial, then it leads
to the widely known Finite Element Method (FEM). The local geometric mapping, which employs
Lagrangian polynomials, was co-born with FEM. The whole computational domain is structurelessly
discretized into a large quantities of little irregular elements, called unstructured mesh. A local
geometric mapping transforms these irregular elements into regular ones, on which Gauss Legendre
quadrature (numerical integration) is carried out. FEM is adopted in software such as ANSYS CFX,
Comsol, Adina, and ANSYS HFSS (High Frequency Structure Simulator, the most popular software in
computational electromagnetics). The versatility of unstructured mesh and local geometric mapping

makes FEM the dominant force in the field.

In Eq. (2), if the exact u is replaced by u; as in FDM, but the weight function is selected as unity,
then it leads to Finite Volume Method (FVM). FVM is a cell-based (locally) conservative method, in
contrast to point-based FDM which may not be conservative. After evaluation of cell surface integrals,
FVM turns out to be very close to FDM in the sense of the discrete systems. The most popular FVM
grid on regular geometry is clearly the MAC staggered grid [11, 21], which is robust and conservative.
Lattice grid was put forth [29, Zhang et al. 2006] as another conservative grid. For complex geometry,
a variety range of grids/meshes are used [13, 19, for example], however, the MAC staggered grid is
hardly seen. The complex geometry may be handled as in Immersed Boundary Method on regular grid
[5, 23], handled via global mapping on structured grid [1, for example], handled locally on unstructured
grid as in [13,[19], or handled as in the local geometric mapping approach of FEM. Discontinuities can
be more easily manipulated in FVM, due to local conservation and inter-element flux control. FVM
prevails in simulation software for convection dominant hyperbolic systems, with ANSYS Fluent and

OpenFoam as towering examples.

In Eq. (2)), if the interpolation function is spectral polynomials (such as Fourier, Legendre, or
Chebyshev) and if Eq. (2) is imposed on the overall domain, then it leads to (single-domain) Spectral
Methods [3, [4]. The order of polynomials in single domain spectral method is O(100). Spectral
methods feature high accuracy, owing to the completeness and orthogonality properties of spectral
functions. Single-domain Fourier spectral is currently still the most widely used method in turbulence
simulation. However, (single-domain) spectral methods suffer from severe inconvenience in handling
complex geometry, though it is partially doable with the global mapping as in FDM. Spectral methods

also suffer from the excessive high order of polynomials, which deteriorates the nature of discrete



systems. One consequence is, due to a large range of eigenvalues the system needs more iterations to
converge. The more severe consequence is, for general problems not applicable with Fourier spectral
the time step size must be tiny, especially in diffusion dominant problems. Single-domain Fourier

spectral method has been applied to American meteorological software for global climate forecast.

In Eq. (2), if the interpolation function is spectral polynomial and if Eq. (2) is imposed on each
element, then it leads to continuous Spectral Element Method (SEM) [9) 15, 8]. Equipped with
the same local geometric mapping, SEM overwhelmingly outperforms single-domain spectral method
in complex geometry handling. The order of polynomials in SEM is O(10), so that the discrete
system is bettered natured and the restriction on time step sizes is greatly relaxed. A continuous
Spectral Element Method with inter-element flux control is named Discontinuous Spectral Element
Method (DSEM) [16, 24], 14, [7, 10], which excels in local conservation, discontinuity, and parallelization

handling. At time being, DSEM is the distant front runner of all numerical methods for continuum.

In Eq. (2), if the Lagrangian polynomial is retained as the interpolation function, but the fun-
damental solution to the operator L is selected as the weight function, then the weak form originally
imposed on the interior of the domain is converted into integrals on the overall boundary. This leads to
Boundary Element Method (BEM) [2, 25]. Different from all previous methods, the primary working
place of BEM is the boundary of the domain, not the domain itself. Thus, BEM can be regarded as
an indirect domain solver, while above mentioned methods belong to the category of direct solvers.
Owing to the reduction of dimensionality, BEM gains some efficiency in some situations. However,
BEM formulations typically give rise to fully populated matrices. This means that the computational
time will tend to grow according to the square of the problem size, a severe disadvantage compared
with the linear growth in direct domain solvers. The merit of dimensionality reduction is countervailed
by the square growth in three-dimensional problems. The second severe disadvantage of BEM is its
limitation to linear operators, whose Green’s could be found. To handle nonlinearity, BEM has to
be combined with a direct domain solver [28, for example], consequently forfeiting its main point.
Fortunately, physics is rich in linear operators and sometimes two-dimensional models are sufficient to
reveal the underpinning principles, so that BEM can find decent applications in this business. In ad-
dition, BEM achieves high accuracy for problems where unknowns on boundaries are what exactly to
seek, and it enjoys simplicity in moving boundary problems. BEM-based electromagnetics simulation

software has been developed.

In Eq. (2), if spectral polynomial is used as the interpolation function, and the fundamental
solution to the operator L is selected as weight function, further, if the fundamental solution (such
as % for Laplace operator) is expanded in spectral polynomials, then it leads to Spectral Boundary

Element Method (SBEM) [22, 20, 12, 18]. SBEM is the least investigated virginland. Up to year 2011,



only single-digit number of journal publications on this topic can be retrieved. We have learned that
one of two major issues with BEM is dense matrix. Owing to orthogonality of spectral polynomial,
there exists a possibility to make SBEM matrix sparse. Then, for large scale computation the reduction
of dimensionality might reduce the size of problem by 1000 times, an astonishing speedup. In future,
in case Discontinuous Spectral Element Method got a rival, it must be Spectral Boundary Element

Method.

2 Chebyshev Collocation Spectral Method

Now let us have some flavor of spectral-based methods. The popular interpolation functions
for spectral methods are Fourier, Legendre, and Chebyshev. The weighted residual integral can be
discretized in an exact fitting manner or in best fitting. The weighted residual integral can evolve
in the physical space or in transform space. Then, we may possibly have 12 combinations. Fourier
has two major advantages. The quadrature points for fourier are evenly spaced, hence the time step
restriction is the same as traditional non-spectral methods such as FDM. Derivatives of any order of
fourier function stay in the same direction, hence orthogonality is in the simplest form. Unfortunately,
fourier demands periodicity of the solution field. Therefore, fourier is ruled out for general-purpose
computation. Both Legendre and Chebyshev are applicable to any type of problems, however, as a
relative to fourier function, Chebyshev approach can utilize Fast Fourier Transform (FFT). Even in
SEM where polynomial order is O(10), FFT runs faster than the matrix product necessary in Legendre
approach. Therefore, Chebyshev is selected as the interpolation polynomial. The canonical spectral
method should process primary computation in transform space, and it is named “Galerkin” in this
article. Unfortunately, the nonlinearity renders a convolution in physical space necessary. Hence, it is
pointless to take “Galerkin”, and we instead shall simply do the majority work in the physical space,
as in FEM, FDM, FVM, and BEM. Finally, exact fitting or best fitting? An analysis is omitted in
this introductory article. “Chebyshev Collocation Spectral” (CCS) implies the exact fitting approach,
and CCS is adopted here for its simplicity and maturity.

Consider a heat equation on (—1,1)

ou o%u
5% o2 (3)

with boundary conditions and initial data
u(—1,t) =u(1,t) =0, u(z,0) = sin(rz) (4)

We consider the weighted integral equation

N 2, N
/(%-%)5@—%)@:07 j=1,2,.,N -1
Q
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where u” (x,t) is an approximation to u(x,t) and x; are a set of collocation points on [—1,1]. The

weighted integral equation is equivalent to
ouN %N
ot 0x?

that is, the approximate differential equation is (strongly) imposed at a set of collocation points in

=0, j=1,2,.,N—1 (5)

Ty

the physical space. For convenience and accuracy Gauss quadrature points are selected as collocation
points and we seek the evolution of the approximate solution u(z;,t), where the superscript N has

been dropped. Let the approximate solution expanded with Chebyshev polynomials Ty (z)

N
u(w,t) =Y g (t)Ti(x)
k=0

where @ (t) is mapped from u(z;,t) in physical space. Then, in the merit of Chebyshev polynomials

and Gauss quadrature, it can be shown

o
0z?

N
= Z Dj2l U(QZ’[, t)
=0

zj
where D?l is a matrix associated with geometric quantities only. As a consequence, equation (5)

reduces to an ordinary differential equation

N
du(x;,t) 9
—a = 2 Dt
1=0
which can be marched in time with initial data. Boundary conditions are imposed during every time

step on u(xo,t) and u(xy,t). Some good references on spectral methods are [4] and [6].

2.1 Chebyshev Polynomials Tj(x)

Chebyshev polynomials (of the first kind) Ty (x) are nothing but cosine functions after change of
independent variable
Ti(x) = cos kb, k=0,1,2,..
cost =x

where 0 € [0, 7] and x € [—1,1]. The first several Ty (z) are

To(z) =1 Ti(x) ==z
To(x) =222 — 1 Ts(v) = 423 — 3w
Ty(z) = 8z* — 822 + 1 Ts(x) = 162° — 2023 + 5z
Some properties of Tj(x) are
Tp(1) =1 Th(2)] <1 | Tp(1)] = k2 Ty ()] < k2



All Ti.(z) can be worked out by recursive relation
Teyr = 22Ty — T
together with Ty and T7. Another type of recursive relation is
(1 — 2T} = —kaTy + kTj_,

which is valid for £ > 1. A more important variant of the right above relation is

1 1

2Ty, = mTI;-',-l - mTI::—l (6)

valid for k£ > 1.

The general eigenvalue problem for second-order linear ordinary differential equations can be

presented in the self-adjoint form

i (P ™) + o) + Ayt o

where A is the eigenvalue and w(z) is the weight function. A special case is the simple harmonic
oscillator

T (0) + K*Tr () = 0

which, after a change of variable x = cosf, can be converted into another eigenvalue problem on
(_17 1)

/ 2
(\/ ]. — QTQT]:;) —|— 1k QTk =
vV1i—2

Chebyshev polynomials Ty (x) are exactly the solutions to the right above equation, where the weight

function w(x) = (1 — xz) —1/2, Chebyshev polynomials are complete orthogonal polynomials on (—1, 1)

satisfying orthogonality relation

1
T
T | T) >0 = / Te() i yw()de = & e (1)
-1
where
0 k=0
Cr —

1, k>1

As a reduced case,
i

1
I = [ TRl = Fa

Derivatives of Chebyshev polynomials have a minor orthogonal relation
! 1/2
/ Ti(x)T)(z) (1 —2%) /" dz =0, k#1
-1

Using recursive relation Eq. (6) and orthogonality property Eq. (7)) it can be shown

, km k>1l k+1odd
<Tp | T >w = (8)
0 otherwise



2.2 Chebyshev Interpolation

A function u(x) in physical space can be expanded in Chebyshev series

u(x) = i T(z) (9)
k=0

where Chebyshev coefficients in transform space

1
fip = :Ck @) T )is (10)
can be obtained through orthogonality relation Eq. (7). The conversion, equation (10)), from function
u(z) in physical space into coefficients 4y in transform space is named Chebyshev transform; the
conversion, equation (9)), from 4y in transform space back to u(x) in physical space is arguably named

inverse Chebyshev transform. The truncated Chebyshev series of u(x) refers to

N

Pyu=Y_iTi(z) (11)
k=0

To evaluate integrals numerically a set of quadrature points x; in physical space as well as corre-

sponding weights W, are selected so that

1 N
[ sy =3 o)W, Vpla) € Pavos
]

The quadrature points and weights for Chebyshev Gauss-Lobatto integration are

) W T

$j — COS ﬁ’ ji= Niéj (12)
where
8 2, J=0,N
Cj =
1, j=1,2,.N -1
At these quadrature points T (z;) = cos %k
Chebyshev transform Eq. (10) can be approximated by discrete Chebyshev transform
N .
- 2 ik
U = ]Z; mu(:p]) €08 (13)

where uy, is named discrete Chebyshev coefficients. Equation (13) can be handled with Fast Fourier

Transform at cost of O(N logy N) operations. Discrete inverse Chebyshev transform
u(xj) =)y dpcos —=— (14)

can be verified through substitution of a; by Eq. (13) and orthogonality properties of cosine/expo-

nential functions.



Equipped with discrete Chebyshev coefficients, equation (11) can be further approximated by

Chebyshev interpolant in transform space

N

Inu="> i Ty(x) (15)
k=0

which is also named discrete Chebyshev series. By substituting discrete Chebyshev coefficients Eq. (13)

into Eq. (15) we obtain Chebyshev interpolant in physical space

N

Inu= Zu(:nj)d)j(x) (16)

§=0

where
(=1 (1 = 2®) Ty (2)

¢ N2 (x — xj)

is named Chebyshev Lagrangian polynomials. Obviously,

Yj(z) = (17)
Inu(z;) = u(z))

in the merit of selected quadrature.

2.3 Chebyshev Interpolation Derivatives

Since differentiation and summation are commutable under most circumstances, equation (9) can

be used to carry out the derivative
oo
=T} (x)
k=0
Unfortunately, the primary orthogonal property Eq. (7) is in terms of Chebyshev polynomials. Each

derivative of Chebyshev polynomial can be expanded in Chebyshev polynomials, and this is equivalent

to expand the derivative of the function directly in Chebyshev series

Z W), Ty (x (18)

The goal here is to express ¢ in @ implicitly (i.e., to find a couple relation) or explicitly. Projecting

the above two forms of u/(x) onto Chebyshev “coordinates” we obtain
o
< T (x) | Ti(x) >0 = < Zum ) | T(z) >
which leads to explicit expression of @’ in terms of @ and, more importantly, an recursive relation
Ckﬁ?c = ﬁ§6+2 + Q(k + l)ak+1 (19)

The explicit expression costs O(N?) operations while the recursive relation Eq. (19) takes O(N)

operations. Equation (19) can be extended to

okl = U pg + 2(k + 1)igyy



Also, the explicit expressions of 4" in terms of @' or @ can be worked out. The complete version of

recursive relation related to Chebyshev Gauss-Lobatto quadrature points is

Ek&;:&;€+2+2(k+l)ﬁk+1 k=N-1,N-2,..0
Similarly,
ZZE’V_H =0
@ =0 (21)
Ekﬁg—ﬁg+2+2(k+l)ﬁ;€+l k=N-1,N-2,..0

The derivative of the function in physical space, v/, is approximated by Chebyshev interpolation
derivative (Inu) at best. Derivatives of the function in physical space at quadrature points

N

Dyu(z;) = (Inu) o = Y @ Ti(x;) (22)
k=0

where @), are derivatives in transform space. Calculation of Dyu(z;) is as follows: u(x;) at quadrature
points are converted into @ with discrete Chebyshev transform Eq. (13), then @) are calculated with
recursive relation Eq. (20)), finally discrete inverse Chebyshev transform Eq. (22)) is used. This proce-
dure is named vector approach at cost of O(N logy N) operations. With recursive relation Eq. (21)
utilized, DJQVU can be worked out similarly. The vector approach is efficient, however, in the differential

equation the term involving spatial differentiation need to be treated time-explicitly.

Alternatively,
N

Dyu(z;) = Z u(zy)y(z) ZD]W xy) (23)

=0

where Chebyshev derivative matrix at quadrature points

& (—1)7tt .
R L# 7,
- 1<l=j<N-1
D=\ e _ 2
T+7 l _= j = 0
2 .
_2N6+1’ l:] =N

This alternative matrix approach costs O(N?) operations, however, in the differential equation the
term involving spatial differentiation can be treated time-implicitly. In spectral element methods where
N is typically O(10), the matrix approach performs with similar efficiency as the vector approach.

The explicit structure of DJQ.Z is also available, or simply DJQ.I = DjmDpy.

Note that (Iyu) # Pyu' and interpolation does not commute with differentiation, and par-

ticularly for Chebyshev polynomials the truncation does not commute with differentiation. (Pyu)’
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Figure 1: Accuracy comparison between Chebyshev Collocation Spectral (CCS) method and Finite
Difference Method (FDM).

or (Iyu)" are asymptotically worse approximation of u' than Py_ju’ and Iny_ju’, respectively, for

functions with finite regularity.

2.4 Performance Test

Now let us combine Chebyshev collocation spectral method (CCS) with 4**-order Runge-Kutta

time scheme to solve the diffusion problem Eqs. (3) and (4), whose exact solution is e~ !sin(mz).
N | CCS (max error) | CCS (root mean square) | FDM (max error) | FDM (root mean square)
4 0.0569 0.0360 0.0766 0.0485
8 4.79 x 107° 2.66 x 107° 0.0190 0.0127
16 1.42 x 10712 7.41x 10713 4.73 x 1073 3.25 x 107?
32 4.56 x 10717 1.30 x 10~ 1.18 x 1073 8.23 x 107*

Table 1: Accuracy and convergence rate comparison between CCS and FDM, both against the exact

solution.
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Within each time marching step

K, = AtD*U"

K, = AtD? (U™ + 1K)

K3 = AtD? (U" + 1K>)

K, = AtD? (U" + K3)

U =U" + § (Ky 4 2Ks + 2K3 + Ky)

where U is the solution vector and D? = DD (D is the matrix in Eq. (24)). Initial data U is given at
all collocation points and at the end of each time step Dirichlet boundary conditions are applied to the
first and last members of UL, The performance of the spectral method is compared with standard
Finite Difference Method (FDM), based on the same number of grid points and the same time scheme.
The accuracy of CCS over FDM is demonstrated in Fig. 1, where the grid-point numerical values with
CCS stay on the exact curve accurately. Table 1l shows that the errors in FDM drop approximately at

a rate of 4 (which tells the 2"%-order accuracy); in contrast, the errors in CCS drop at a spectral rate.

The key of spectral method is Gauss quadrature. A warn should be issued immediately that
we shall not jump on conclusion that SEM is an alias to FEM since both employ Gauss quadrature.
The quadrature in FEM is merely used for numerical integration in isolated locus; in contrast, Gauss
quadrature penetrates into the entire structure of spectral methods. At the end, the quadrature in
CCS produces a set of points in physical space. So we may look at CCS in this way: it is a finite
difference method with judicious distribution of points and weights. But this judiciousness is not

trivial: it attributes the spectral convergence rate.

3 Spectral Element Method

It was reported that a numerical simulation of seconds of a nuclear explosion as well as the
aftermath took some hyper fast computer system in California the first half of year 2006. This gives a
basic idea of the magnitude and the time cost of scientific computing. Hence, numerical researchers and
practitioners have an insatiable quest for speed. As for a general-purpose software, we ought to seek
a method able to handle a large range of problems, capture finest details, and offer greatest speed.
Although we shall admit that all aspects and directions of research and development in scientific
computing have their own rights and they interact with each other, there is a priority. Numerical
method is the foundation of simulation software. While there are dozens of equation systems and
hundreds of variants and thousands of numerical problems, the number of general families of numerical
methods is very limited. This tells that one numerical method has multiple interactions with structures

above, which involve extensive programming. While most difficult part of scientific computing is not
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the computer programming, the most time consuming part is. So, if the foundation of a fully loaded

simulation software turns out inferior to some outside method, it runs into big trouble.

The past five decades witnessed the great success of finite element methods and finite volume
methods in engineering applications. FEM performs well in relatively smooth elliptic and parabolic
types of partial differential equations. Unfortunately, a large sets of problems involve sharp gradients
which are increasingly drawing more attention. To meet the resolution requirements in regions of
sharp gradients, one may use more lower-order elements, or use high order lagrangian polynomials.
A growing number of evidence shows that the first approach either amounts computational cost too
high, or fails to address the issue for problems where high-order quantities are exactly what to seek,
such as in aeroacoustics and turbulence. The second approach is even more hopeless. First, high
order lagrangian polynomials have a tendency to cluster together or look similar to each other; in
other words, they are almost linearly dependent; that is, the resulting discrete system is virtually ill
posed so that no solution could be found. Second, the bandwidth of the matrix is proportional to N3
for 3-D case, where N for the order of lagrangian polynomial. This precludes serious applications of
high-order lagrangian finite element methods. The qualified polynomials should dissimilate to each
other so that every mode in the solution can be efficiently represented, and should result in a matrix

with narrow bandwidth or even diagonalizable.

Complete (which means, every reasonable function can be expressed by these polynomials) or-
thogonal (which means, a weighted integral of two different functions vanishes) polynomials such like
Chebyshev possesses these two vital properties. There are only two general categories of methods in
solving partial differential equations analytically, the major category of series expansions and the mi-
nor category of integral transforms. Polynomials employed in series expansion are mostly the complete
orthogonal polynomials, such like Fouries, Bessel, Legendre, Hermite, Laguerre, Gamma, etc. But no
mathematical physicists use lagrangian polynomials to solve PDEs. Therefore, it is natural to extend
these complete orthogonal polynomials to computation, by truncating higher order terms in series
expansion. This kind of methods are called (single-domain) spectral methods. Concurrently spectral
methods generally fall into two categories, Galerkin spectral method, where the primary unknowns
are solved in the transform space (with possible evaluation of some quantities in the physical space in
case of nonlinear problems, and this is called pseudo-spectral), and the collocation spectral method,
where the primary unknowns are solved in the physical space and the transform space is used merely

for evaluating derivatives.

Unfortunately, single-domain spectral methods have several serious shortcomings. Besides the
inability in complex geometry handling, the excessively high-order polynomials brings in aliasing

errors. De-aliasing techniques can be used to remove aliasing errors but it intertwines with convolution
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for nonlinearity and implicit time schemes. Excessive high-order polynomials also incurs deterioration
of system conditioning number and constrains time step size. Spectral element methods do away with
all these issues. If in spectral element method the communications between two elements are realized
only via the inter element boundary and domain points in one element are prohibited to directly
interfere with points in another element, it leads to Discontinuous Spectral Element Method. Some

benefits of discontinuous SEM (as versus continuous SEM) are as follows:

Local conservation can be easily imposed via inter element flux. A locally conservative scheme

is more robust and converges faster.

e Shock capturing schemes can be much more easily implemented, so that discontinuities or high

gradients can be much better handled.
e Different polynomials can be assigned on different elements to ensure optimal effect.
e Mesh rezone can be fulfilled more easily, with less interference with neighborhood.

e Adaptive mesh can be more easily implemented. Adaptive mesh enhances efficiency and is

particularly useful in simulation of problems with moving boundaries.

e Multigrid technique can be easily implemented. Multigrid technique can typically speed up a

solver by 3 times.

e Parallelization can be more easily implemented, and performs much more effectively.

4 Why Spectral Element Method Much Faster?

Finally, we may want to ask an epicentral question: why is Spectral Element Method much faster

than Finite Elements?

e Construction of discrete system accounts for 5% or less of computational time, and iteratively
solving the discrete system accounts for 95% time. The process of iteration is the process of
diagonalizing the discrete system. Thus, a numerical method producing a matrix with broad
bandwidth is slow, and a method producing narrow bandwidth is fast. The bandwidth of Finite
Element Method for three-dimensional problem is O(100), correspondingly it is O(10) or even
O(1) for Spectral Element Method. This makes SEM one or two orders of magnitudes faster.

This is due to the merit of orthogonality of spectral polynomials.
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e SEM produces a discrete system with better conditioning number (the ratio of largest eigenvalue
over the smallest one), thus it needs less iterations to converge. This may make SEM half order

of magnitudes faster. This is due to merit of completeness of spectral polynomials.

e Suppose we want to solve a three-dimensional problem on parallel computers. In each processor
handling the subdomain, let N be the number of discrete unknowns in one direction, so that
the cost of local computation is O(kyN?3), where kj is number of iteration. A processor only
needs to communicate with processors dealing with the neighborhood subdomains, so that the
cost of communication is O(kaN?), where ks is communication overhead coefficient. Typically,
the order of discrete unknown N is O(100), k1 is O(100) for time dependent problem, and ks
is O(100). Therefore, bottleneck of parallel computing is not the communication issue most
researchers take for granted. The bottleneck is: the good-natured iterative process in serial
computation is ruined by the inter-processor iteration in parallel computation, which is similar
to source-term iteration. Numerical experiments show that all FEM-based and FVM-based soft-
ware do very poorly in parallelization. In contrast, Discontinuous SEM demonstrates impressive
parallel performance scale up. The “discontinuous” in SEM is the reason behind. This merit

alone could render SEM outperform FEM by one or two orders of magnitudes.

Owing to above remarkable properties, Spectral Element Method may proceed 100 times faster

than Finite Element Method for moderate to large scale computation.
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